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Abstract

A new non-iterative curve resolution technique for resolving single decay profiles is proposed. The new technique, called DOUBLESLICING,
is based on the DECRA (Direct Exponential Curve Resolution Algorithm) principle. While the original DECRA was designed to resolve
several decay curves simultaneously and thus fitting common pure exponentials, DOUBLESLICING can resolve single decay profiles by a
simple double data transformation followed by an analytical and unique three-way decomposition. The new approach is successfully
demonstrated on experimental NMR CPMG relaxation data, measured on combinations of unmixed paramagnetic CuSO4 solutions.
Decay signals of the water component were acquired following an innovative experimental design that ensured no interaction between
the components present in each sample under observation. DOUBLESLICING proved to be accurate in estimating relaxation times differing in
one order of magnitude (range: 19.6–159.4 ms). Its performance was comparable to discrete exponential fitting with the advantage of
being much faster – in terms of computation time, DOUBLESLICING outperformed exponential fitting by a factor of four.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Low Field Nuclear Magnetic Resonance (LF NMR) is
an established method in many food and material science
applications as a technique that combines useful complex
information about species with mobile protons, with
speed of analysis and minimal perturbation to the sample.
In the time domain, transverse LF NMR relaxation data
are a sum of exponentials [1]. The ability to resolve such
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data and extract the underlying characteristic relaxation
times (associated to the different components of the sam-
ple under observation) is very valuable and is becoming
more and more popular as it is the reference method in
analysis of time domain NMR data. The time constants
and amplitudes associated are usually calculated by
multi-exponential fitting, but often algorithmic and math-
ematical problems such as ill-conditioning and local min-
ima make the solutions difficult to interpret and validate.
Provencher has presented methods to overcome and deal
with data limitations related to random noise, baseline
and number of exponentials that can be extracted from
a decay data signal [2,3]. Istratov and Vyvenko have dis-
cussed general limitations of exponential analysis and
summarized the algorithms applied to resolve exponential
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decays [4]. In recent years, many algorithms have been
developed to overcome some of these limitations. NMR
relaxometry, when combined with methods such as
DECRA, represents a unique approach for studying, for
example, water compartmentalization in gels, meat,
dough, bread and dairy products, and for the determina-
tion of solid/fat content in edible oils [5–9].

This work presents DOUBLESLICING as an alternative
method to resolve LF NMR relaxation curves, emphasizing
its relation to and advantages over alternative procedures.

DOUBLESLICING is based on the DECRA (Direct Exponen-
tial Curve Resolution Algorithm) principle [10]. DECRA

has attracted much attention due to its capability to
uniquely and non-iteratively resolve sets of multi-exponen-
tial decay functions into common underlying pure expo-
nentials. DECRA has been used in several industrial
applications ranging from food monitoring to chemical
production [10,11]. This approach is appealing, because
the algorithm, although utilizing highly redundant infor-
mation, requires no initial value guesses and provides
non-iterative and unique mono-exponential solutions.
When compared to standard numerical curve-fitting algo-
rithms, the main advantages of DECRA are its dramatically
improved speed (independent of number of components
extracted) and somewhat improved diagnostics [6]. DECRA,
and consequently DOUBLESLICING, is based on the applica-
tion of generic approaches to determine the right number
of components, identify outlying samples, etc., giving rise
to robust solutions [12].

The DECRA approach utilizes the linear relationship
between exponentials to upgrade a set of one-dimensional
relaxation curves to a pseudo two-dimensional structure
and thus facilitate the unique advantages offered by
trilinear mathematical models. The method is based on
the fact that two different time ‘‘slices’’ of a given multi-
exponential decay curve consist of the same underlying
features (quality: characteristic decay times), but in a new
linearly related combination of amounts (quantity: concen-
trations or magnitudes) [6]. In the simplest case, chosen in
the original DECRA [10], one relaxation curve can be
translated one data point, called lag 1, and added to the
data matrix in a new direction called slab (slab 2). The
relaxation data is now transformed into a 2 · J � 1 array,
in which J represents time. If several relaxation decay
curves, M, are to be evaluated, a M · 2 · J � 1 data cube
is obtained, which can be analyzed by trilinear methods.
It is possible to perform such pre-transformation, i.e.
translate a relaxation curve one data point, twice or more
and thus, from a single relaxation curve, generate a
trilinear data cube.

In this work DOUBLESLICING is presented as an extension
to DECRA in which the translation pre-transformation is
performed twice. The idea of ‘‘cutting’’ data into a num-
ber of overlapping slices, repeated twice, has given rise to
the name selected for this approach: DOUBLESLICING. It is
shown that the application of DOUBLESLICING enables the
generation of a trilinear data cube from a single relaxa-
tion curve, which can then be resolved by trilinear models
into pure mono-exponentials. First, the principle behind
DOUBLESLICING is outlined and the reasons why DECRA slic-
ing is not adequate for resolving singe relaxation curves
are presented and explained. Finally, DOUBLESLICING is
applied to a real data set which consists of low field time
domain NMR transverse relaxation data of 30 samples of
distinct paramagnetic copper sulphate (CuSO4) concentra-
tions. The new method is then tested against standard
numerical methods for exponential curve fitting.

2. Theory and methods

In this section the DOUBLESLICING algorithm is developed
and explained in relation to relevant alternative methods.

DECRA can be classified as a multi-curve multi-exponen-
tial fitting algorithm. As outlined in the Introduction sec-
tion, in order to determine the time constants inherent to
the exponential decays (T2 values), a set of NMR trans-
verse relaxation curves has to be analyzed. DECRA does
not allow the determination of T2 values from a single
exponential decay, which can be very useful and advanta-
geous when the set of relaxation curves under study cannot
be described by one set of common profiles. For this pur-
pose, single-curve multi-exponential fitting algorithms,
such as discrete exponential fitting and DOUBLESLICING,
have to be applied.

The T2 of a single physico-chemical component is
dependent on several factors such as the temperature at
which the relaxation decays are acquired. Moreover, it also
depends on local magnetic fields arising from intramolecu-
lar and intermolecular interactions in the sample, which
depend on the concentration. The development of a
method enabling the determination of the different T2

values (each one corresponding to the behavior of one
component within the same sample) from a single relaxa-
tion curve is, therefore, crucial. In this way, it is possible
to analyze, for example, the gradual changes induced by
the effect of temperature or concentration on T2, from a
set of relaxation curves acquired for a single sample. In this
work, however, and in order to test and compare the
performance of the single exponential fitting algorithms,
temperature was kept constant during all measurements
and it was ensured (by the experimental design) that there
were no interactions between the components in the
samples – T2 values (of the four mother solutions that will
be described later) were similar in all samples (even though
their concentrations were different). The application of sin-
gle-curve multi-exponential fitting algorithms to this partic-
ular data set (30 relaxation curves of samples with different
concentrations of the same components) enabled the deter-
mination of the T2 values of each component and the con-
centration of each sample. In this way, DOUBLESLICING

could be tested in 30 independent relaxation decays. In
order to assess and compare the performance of DOUBLES-

LICING, the T2 values of the 30 samples were also
determined by discrete multi-exponential curve fitting,
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which has been the classical numerical approach to extract
T2 values from NMR relaxation decays.
2.1. DOUBLESLICING

The rationale behind DOUBLESLICING is to slice the data
twice and thus from a single relaxation profile generate a
three-dimensional data array that can be resolved by trilin-
ear mathematical models [9]. Fig. 1 shows in schematic
form the principle behind DOUBLESLICING. In the first oper-
ation, a number of pseudo-samples are created which all
have the same underlying relaxation components, but in
different relative amounts. The number of slabs (pseudo-
samples) is usually equal to, or larger than, the number
of components one wishes to extract. DOUBLESLICING

involves a second data pre-processing step in which the pre-
vious slicing procedure is repeated along the columns,
resulting in a three-way data matrix containing low-rank
trilinear variation that can then be analyzed using multi-
way techniques [9].

It may appear an unnecessary complication to create a
three-way data array with highly redundant information
from a single relaxation curve to solve the simple discrete
multi-exponential fitting problem. However, with suitable
resampling, DOUBLESLICING produces practically the same
results as traditional exponential fitting, but with signifi-
cantly shorter computation times, especially when more
than two components are extracted [9] (as will be demon-
strated in Section 3 of this paper).
2.2. Discrete multi-exponential curve fitting

In this classical approach, the relaxation profiles are
individually decomposed into a limited number of pure
exponential curves (typically less than 5) [2–4]. Despite
the ill-conditioning property of the exponential-sum fitting
and the initial value problem, in practice, numerical meth-
ods have become fairly robust, but unfortunately the
iterative methods are rather time consuming. In this work
Fig. 1. Illustration of the principle behind DOUBLESLICING. (a) Digitizing the
direction.
we use an algorithm which is based on Nelder–Mead
simplex minimization [13] for estimation of the non-linear
parameters with a least squares fit of the linear parameters
inside the function evaluation call. This algorithm has
proved to be robust and reliable in the analysis of time
domain NMR data, but similarly to all other multi-expo-
nential curve fitting techniques, the results remain depen-
dent on the number of exponential components extracted
[4,6].
2.3. Experimental design

In order to test the different algorithms evaluated in this
paper, an experimental design was carried out which
resulted in a set of 30 samples consisting of combinations
of paramagnetic CuSO4 solutions with known concentra-
tions (three of the samples in duplicate). For each sample,
the transverse relaxation signal of the water component
was collected by the acquisition of CPMG (Carr–Purcell–
Meiboom–Gill) [14,15] NMR signals as a function of time.

Samples were prepared using four mother solutions of
different CuSO4 concentrations, 55, 26, 13, and 6.5 mM,
which correspond approximately to T2 relaxation con-
stants of 20, 40, 80, and 160 ms, respectively. Later, from
the mono-exponential fitting of the experimental relaxation
curves of the mother solutions to exponential decays, T2

values of 19.6, 40.6, 81.4, and 159.4 ms were calculated
and were henceforth considered the reference values. The
mono-exponential fitting was very successful, since no sys-
tematic patterns were observed in the residuals plots (differ-
ence between data acquired and data calculated using the
fitting parameters). To emphasize the quality of the fitting,
it was decided to report the root mean square errors of the
residuals – 954, 915, 852, and 875, respectively, correspond-
ing to approximately 1.5% of the total signal of each
mother solution.

A four-component (D-optimal) design with seven levels
(representing concentrations) was used to ensure no inter-
action between the components present in each one of
relaxation profile; (b) Lagging scheme of the first three slices in the time
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the 30 samples prepared. This design was achieved placing
seven small tubes, filled with pure mother solutions, in the
18 mm NMR tube. Concentration values (reflecting the fill-
ing of the small tubes) are presented in units from 1 to 7
(Table 1), each unit representing one seventh of the tube
sampling volume. Each of the four mother solutions was
present in as many tubes as designated by the design (for
example, for sample 1 all the small tubes were filled with
mother solution number 4).

By setting up the experiments in this particular way, it
was possible to control the exact contribution of each of
the components to the overall NMR signal, while avoiding
cross-interactions which typically arise when concentra-
tions are varied; however, the division of the NMR tube
into compartments can lead to artefacts arising from the
void spaces between the small tubes (susceptibility issue).
In this work, this problem was circumvented by the ran-
domization of the position of the small tubes in the
18 mm tube. A second artefact that can arise from the divi-
sion of the NMR tube into compartments is related to the
fact that different amounts of the same sample (placed
in different compartments) may be experiencing slightly
Table 1
The experimental design: concentration of the 30 samples in units of 1–7,
each unit representing one seventh of the NMR tube sampling volume;
samples labeled according to concentration

Sample

no.

Sample concentration on mother solution number Sample

label
1
(T2 = 19.6 ms)

2
(T2 = 40.6 ms)

3
(T2 = 81.4 ms)

4
(T2 = 159.4 ms)

1 0 0 0 7 0007

2 1 0 1 5 1015
3 0 6 0 1 0601

4 1 0 6 0 1060
5 1 6 0 0 1600
6 0 0 6 1 0061

7 0 2 0 5 0205
8 2 5 0 0 2500

9 0 5 2 0 0520
10 0 0 7 0 0070

11 0 6 1 0 0610
12 0 5 0 2 0502
13 0 0 2 5 0025

14 6 0 1 0 6010
15 0 0 5 2 0052

16 0 1 0 6 0106
17 0 2 5 0 0250

18 1 5 1 0 1510
19 1 0 0 6 1006
20 2 0 5 0 2050

21 6 1 0 0 6100
22 0 0 1 6 0016

23 5 2 0 0 5200
24 7 0 0 0 7000

25 6 0 0 1 6001
26 0 7 0 0 0700
27 5 0 2 0 5020

28 0 2 0 5 0205
29 0 1 6 0 0160

30 5 0 0 2 5002
31 (16) 0 1 0 6 0106

32 (8) 2 5 0 0 2500
33 (9) 0 5 2 0 0520

Samples 31, 32, and 33 are duplicates of samples 16, 8, and 9, respectively.
different magnetic fields (B0, magnetic induction field,
and potentially, B1, excitation field). This, however, should
be a minor issue, especially the impact of B0 on the
acquired CPMG NMR signals – CPMG pulse sequence
was developed to minimize the impact of field inhomogene-
ities on the NMR signal acquired [14,15]; moreover, mea-
surements were performed in a low-field NMR machine.

Fig. 2 illustrates the CPMG NMR signals acquired on
four representative samples – a mother solution (one-com-
ponent solution), sample 2 (three-component solution) and
samples 20 and 30 (two-component solutions). In order to
highlight the differences between the relaxation decays of
the samples, the time axis is presented in log scale.

The signal-to-noise ratio is an important parameter, as
it can significantly influence the performance of the
algorithms [2–4,7]. The signal-to-noise ratio (S/N) of each
sample (individual CPMG curves) was determined using
Eq. (1)

S=N ¼ B
STDEVðnoiseÞ ð1Þ

where B is the first point of the CPMG signal and
STDEV(noise) is the standard deviation of the noise, which
was calculated as the standard deviation of the last 1500
points acquired (1.0–1.6 s). From a careful inspection of
the CPMG signals of the 30 samples under study, it was
clear that after 1.0 s acquired data corresponded only to
noise (sample had already decayed). Data S/N varied be-
tween 2105 (Sample 22) and 7279 (Sample 9), with a mean
value of 5444, which perfectly fulfills the requirements of
the algorithms under study concerning the S/N of the com-
puted data. Istratov and Vyvenko [4] have reported that
the maximum resolution limit that can be reached in exper-
imental setups, (T2)i+1/(T2)i, is approximately 2 for data
Fig. 2. CPMG relaxation profiles of four CuSO4 representative solutions
(known concentrations) – a mother solution (one-component solution),
sample 2 (three-component solution) and samples 20 and 30 (two-
component solutions); time axis in log scale.
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with a S/N value of 103. In the present study, the minimum
T2 value ratio is indeed 2 and the S/N values of the relax-
ation decays are in the order of 103.

3. Results and discussion

The main advantage of the DOUBLESLICING algorithm is
its capability to resolve single exponential profiles within
very short computation times. For example, when applied
to a single CPMG NMR data curve, characterized by being
a sum of exponentials, the ability of DOUBLESLICING to yield
mono-exponential loadings enables the determination of
the number of compounds in the sample as well as the esti-
mation of the respective concentrations and decay times
(T2 values). This feature can be very valuable in the analy-
sis and understanding of variations of the T2 values of the
different components within a sample.

However, before accepting and promoting a new algo-
rithm, its performance must be evaluated and compared
with existing related algorithms. As mentioned before,
the experimental design, which resulted in a set of 30 sam-
ples with known concentrations and T2 values, allowed for
30 independent tests of the DOUBLESLICING algorithm and
the comparison of its performance to the performance of
the classical approach, the so-called discrete multi-expo-
nential curve fitting.

As a first step, the relaxation time values (T2 values) of
the four components present in the 30 samples were
obtained from DECRA. DECRA was run using four factors,
equal to the maximum number of different components
(each one corresponding to a single T2 value) that could
be present in the 30 samples under study. In Table 2,
DECRA T2 results (obtained by the analysis of the entire data
set) are reported.

From Table 2 it is clear that DECRA does not provide
accurate T2 results, failing in the determination of the high-
est T2 values. It is worth mentioning that the T2 estimates
obtained by DECRA improved significantly when the initial
data points, which deviated from an exponential behavior,
were excluded from the computations. However, DECRA

was identified as a non-robust method, since its results were
strongly dependent on the number and selection of the
removed data points.

The second step was to test and compare DOUBLESLICING

to discrete exponential fitting. Both algorithms were inde-
pendently applied to each one of the 30 CPMG signals in
Table 2
Summary table: T2 estimates using DECRA, discrete exponential fitting and
DOUBLESLICING; for the single-curve multi-exponential fitting algorithms
(discrete exponential fitting and DOUBLESLICING), mean T2 values are
presented; reference T2 values in the first row

T2(ms) 19.6 40.6 81.4 159.4
DECRA 17.5 56.9 179.2 347.2

Single-curve multi-exponential fitting algorithms

Discrete exponential fitting 19.2 40.7 81.6 160.7
DOUBLESLICING 19.5 40.7 81.7 159.9
order to estimate the relaxation decay times of the underly-
ing exponential components. For each sample, the algo-
rithms were run using a number of factors equal to the
number of different components present in the sample
(for example, one factor was computed for sample 1, while
three factors were computed for sample 2). Fig. 3 compares
the resulting performance of the two numerical
approaches.

The plot indicates that DOUBLESLICING and exponential
fitting were similarly accurate and precise in the determi-
nation of T2 values. Moreover, by statistical analysis (not
shown), DOUBLESLICING proved to give slightly better
results – it follows that the dispersion of each one of
the calculated T2 estimates by DOUBLESLICING was nar-
rower than the results obtained by exponential fitting
(DOUBLESLICING more precise), centered at a value closer
to the reference T2 (DOUBLESLICING more accurate).

When examining the average algorithm speed, DOUBLES-

LICING outperformed exponential fitting by a factor of
approximately four (on average). The speed advantage also
allows for more elaborate validation of the number of com-
ponents and quality of the fit by, for example, jack-knifing
[8].

In addition, the computation time for DOUBLESLICING

increased slightly with the number of components, which
was in stark contrast to exponential fitting, for which the
computation time increased dramatically with the number
of components.

Additionally, quantitative information from the applica-
tion of discrete multi-exponential fitting and DOUBLESLICING

was evaluated using the estimates of the concentration of
each of the 30 samples (Fig. 4). To assess Fig. 4, it is worth
recalling that samples were prepared by transferring differ-
ent amounts of four mother solutions into an 18 mm NMR
tube, which sampling volume was previously divided into
Fig. 3. Dispersion of T2 values found by discrete exponential fitting and
DOUBLESLICING.



Fig. 4. Bar graph displaying the distribution of concentration values (each
unit corresponding to one compartment, i.e. one small tube placed in the
18 mm NMR tube) for the 30 samples under study, as a function of the
curve fitting algorithm used: discrete multi-exponential fitting and
DOUBLESLICING.

Fig. 5. Bar graph presenting the errors associated with T2 calculations by
discrete multi-exponential fitting (red) and DOUBLESLICING (blue), fitting
two and three components to the CPMG relaxation data (numbers in the
bars). The errors that resulted from fitting a single component were
insignificant when compared to the ones presented.
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seven identical compartments – concentration values in
units from 1 to 7 (refer to Experimental Design, Section
2, Table 1).

Similarly to the results obtained for the T2 estimates,
Fig. 4 indicates a comparable (and even narrower)
distribution of the concentration values calculated by
DOUBLESLICING, when compared to the results obtained
by exponential fitting. However, although more precise,
DOUBLESLICING was found to be slightly less accurate in
the concentration estimates when compared to the expo-
nential fitting approach (results not shown).

When compiling the results obtained, T2 and concentra-
tion estimates, DOUBLESLICING can be thought as a method
which has been optimized for the determination of relaxa-
tion decay times (T2 values). The optimization of this par-
ticular task is probably responsible for the slight loss of
accuracy in the determination of the concentration values
(compromising effect).

For exponential fitting as well as DOUBLESLICING it was
verified that the error in the estimation of the four T2 val-
ues increased with the number of components fitted during
the performance of the algorithm – for example, the deter-
mination of the T2 value associated with mother solution
number 1 was more accurate when computing relaxation
curves of samples composed of only this solution; the
results were gradually poorer when the decays of samples
with an increasing number of components (mixture of dif-
ferent amounts of distinct mother solutions) were com-
puted. Fig. 5 illustrates this behavior.

Error values were determined using Eq. (2), which repre-
sents the root mean square error of prediction (T2,calculated

are the T2 estimates obtained by discrete exponential fitting
and DOUBLESLICING, and n is the respective number of
estimates).

ErrorðmsÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPn
i¼1ðT 2;reference � T 2;calculatedÞ2

n

s
ð2Þ

From the analysis of Fig. 5 it is verified that the error in-
creased when fitting an increased number of components,
both for exponential fitting and DOUBLESLICING. This fact
is in agreement with the Provencher study [3] in which
the results showed that the resolving power of the Fourier
method under analysis (for the resolution of decay expo-
nentials) decreased as the number of closely spaced compo-
nents increased.

Fig. 5 also indicates that small T2 values are usually esti-
mated more accurately – the error associated with T2 esti-
mates increased when T2 increased from 19.6 ms to 81.4 ms
(the inverse behavior observed for T2 = 159.4 ms is proba-
bly due to statistical uncertainty and numerical problems).
This may be associated to the nature of the CPMG NMR
data – in a sample, components with small T2 values relax
fast. Information about these components is then captured
in the initial time values which correspond to data with
higher signal-to-noise ratio (when compared to the data
representative of components with high T2 values; informa-
tion about these components is mainly obtained in the final
time values due to their long relaxation decay times). Addi-
tionally, the exponential nature of the signals intrinsically
makes the uncertainty of higher T2 values higher, because
the profiles get increasingly more correlated for the same
absolute difference in T2 values at higher levels.

Finally, Fig. 5 shows that discrete multi-exponential fit-
ting and DOUBLESLICING are comparable algorithms in terms
of accuracy – neither method could be clearly identified for
being more stable in T2 estimates (when increasing the
model complexity, i.e. by fitting a higher number of
components). A similar analysis of the calculations
performed to determine concentration values, applying
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both algorithms, led to identical conclusions. Future stud-
ies need to be conducted to properly characterize and com-
pare the algorithms according to their robustness level.

Table 2 presents an overview of the T2 estimates
obtained applying the algorithms tested in this work. It
emphasizes the accuracy of DOUBLESLICING as well as its
comparable performance with discrete exponential fitting.
4. Conclusions

In this paper the advantages of using DOUBLESLICING in
the resolution of single low field time domain relaxation
curves are illustrated. This method was found to be
accurate in estimating relaxation times (T2 values) differ-
ing in one order of magnitude (range: 19.6–159.4 ms) and
their related concentrations. Its performance was compa-
rable to discrete exponential fitting. The main advantage
of DOUBLESLICING resides in its much shorter computation
times when compared to traditional methods, such as
discrete multi-exponential fitting (in this work, DOUBLES-

LICING outperformed exponential fitting by a factor of
four). The faster computation times give DOUBLESLICING

great potential for applications where many oligo-expo-
nential equations need to be resolved or in cases where
elaborate resampling schemes are required. DOUBLESLICING

can also be applied as pre-processing (super-qualified and
relatively unbiased initial guesses) to traditional numerical
curve resolution algorithms; in the NMR field it can be
used, for example, in mathematical contrasting of MRI
images [9].
5. Experimental

NMR data acquisition was performed on a 23.2 MHz
Maran benchtop pulsed 1H NMR spectrometer (Oxford

Instrument) equipped with an 18 mm diameter variable
temperature probe head. The relaxation measurements
were performed using CPMG (Carr Purcell Meiboom Gill)
pulse sequence [14,15]: a total of 4000 data points were
acquired, with a 90�–180� pulse spacing (s) value of
0.2 ms. The relaxation delay between consecutive scans
was set to 1 s, and 32 scans were accumulated. The receiver
gain (RG) was optimized and kept constant for all mea-
surements (RG = 1.2%). The samples were measured in a
random sequence at 25 �C after prior equilibration at the
same temperature.

The multi-exponential fitting algorithms applied were
from the Low-field NMR toolbox, version 3.0 for MAT-
LAB [6], which can be downloaded from the website
www.models.life.ku.dk/source/lfnmr/. Handling of data
and all subsequent analyses were performed in MATLAB
v. 7.1 (The Math-Works Inc., Natick, USA).
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